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Abstract
We study spin and spin-flavor oscillations of Dirac neutrinos in a plane electromagnetic
wave with circular polarization. The evolution of massive neutrinos with nonzero magnetic
moments in the field of an electromagnetic wave is based on the exact solution of the
Dirac-Pauli equation. We formulate the initial condition problem to describe spin-flavor
oscillations in an electromagnetic wave. The transition probabilities for spin and spin-
flavor oscillations are obtained. In case of spin-flavor oscillations, we analyze the transition
and survival probabilities for different neutrino magnetic moments and various channels of
neutrino oscillations. As an application of the obtained results, we study the possibility
of existence of νeL → νµR oscillations in an electromagnetic wave emitted by a highly
magnetized neutron star. Our results are compared with findings of other authors.
1 Introduction
The experimental confirmation of oscillations of atmospheric and solar neutrinos in Refs. [1,2]
is the direct indication that neutrinos have nonzero masses and mixing, which, in its turn,
unambiguously points out to the physics beyond the standard model. This experimental
success was followed by the determination of other parameters in the neutrino mixing matrix,
including θ13 (see, e.g., Ref. [3]) and the CP violation phase (see, e.g., Ref. [4]).
Although the great importance of neutrino flavor oscillations for the experimental studies
of properties of these particles, other channels of neutrino oscillations are of interest for
the evolution of astrophysical and cosmological neutrinos [5]. In the present work, we shall
deal mainly with spin-flavor oscillations of neutrinos, which imply the conversion of the type
νβL → ναR, where both flavor, α, β = e, µ, τ, . . . , and helicity, L,R, change. This type
of neutrino transitions implies that these particles possess nonzero magnetic moments and
interact with a strong electromagnetic field. Neutrino electromagnetic properties are reviewed
in Ref. [6, pp. 461–479].
The majority of studies of neutrino spin-flavor oscillations involve the neutrino interaction
with a constant transverse magnetic field. Other configurations of electromagnetic fields,
∗maxdvo@izmiran.ru
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including an electromagnetic wave, were used in Refs. [7, 8] in the examination of spin-flavor
oscillations. The neutrino interaction with an electromagnetic wave is important for the
studies of neutrino propagation in strong laser pulses [9, 10].
In the present work, we study neutrino spin and spin-flavor oscillations in a plane elec-
tromagnetic wave on the basis of the exact solution of the Dirac-Pauli equation for a massive
neutrino in this external electromagnetic field [11]. In our analysis, we suggest that neutri-
nos are Dirac particles. Although some theoretical models of the neutrino mass generation
point out that neutrinos are likely to be Majorana particles [6, pp. 387–460], the issue of the
neutrino nature is still open [12].
Our work is organized as follows. In Sec. 2, we start with the studies of neutrino spin
oscillations in a plane electromagnetic wave with circular polarization within one neutrino
mass eigenstate. Then, in Sec. 3, we generalize our treatment to account for neutrino spin-
flavor oscillations with the great transition magnetic moment. The description of spin-flavor
oscillations is based on the formulation of the initial condition problem for flavor neutrinos [13].
The possibility of an astrophysical application is also considered in Sec. 3. The influence of the
small diagonal magnetic moments on spin-flavor oscillations is studied in Sec. 4. Spin-flavor
oscillations of neutrinos with great diagonal magnetic moments are considered in Sec. 5. We
summarize our results in Sec. 6. The matrix elements of the neutrino spin interaction are
calculated in Appendix A.
2 Spin oscillations in an electromagnetic wave
In this section, we consider neutrino spin oscillations, within one neutrino generation, in a
plane electromagnetic wave with the circular polarization. Our analysis is based on the exact
solution of the Dirac-Pauli equation for a massive neutral fermion found in Ref. [11].
We shall take that a neutrino is a Dirac particle. In this section, we shall neglect the
mixing between different neutrino generations. Assuming that the considered neutrino mass
eigenstate has the nonzero mass m and the magnetic moment µ, the Dirac equation for
such a neutrino, described by the bispinor ψ, in the external electromagnetic field Fµν =
∂µAν − ∂νAµ = (E,B) reads [
iγµ∂µ −m− µ
2
σµνF
µν
]
ψ = 0, (1)
where γµ = (γ0,γ) and σµν =
i
2 [γµ, γν ]− are the Dirac matrices. In the following, we shall
use the standard representation for the Dirac matrices [14].
We shall take that the external electromagnetic field is in the form of a plane electro-
magnetic wave propagating in the positive direction of the z-axis. It is convenient to choose
the following gauge for the vector potential: Aµ = (0,A). Neglecting the dispersion of the
wave, we can take that A = A(t − z). The electric and magnetic fields are E = −A′ and
B = (ez × E), where the prime means the derivative with respect to the whole argument of
A.
The exact solution of Eq. (1) was found in Ref. [11] for the arbitrary propagation of the
fermion with respect to the electromagnetic wave. In the present work, we consider a special
situation when a neutrino propagates along the wave, i.e. ψ = ψ(z, t). In this case, the
solution of Eq. (1) has the form,
ψ =
e−iEt+ipz
2
√
E(E − p)
(
[m+ E − p] v
[m− E + p] σ3v
)
, (2)
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Figure 1: The schematic illustration of the neutrino propagation in an electromagnetic wave.
If both a neutrino and a wave are produced by the same source, e.g., a neutron star (see
Sec. 3), they will propagate collinearly towards a detector. Thus one studies oscillations of
neutrinos, created in a star, under the influence of an electromagnetic wave emitted by the
same star. It is the motivation to use the neutrino wave function in Eq. (2).
where v = v(t − z) is the two component spinor, E =
√
p2 +m2 is the neutrino energy, p
is the neutrino momentum, and σ = (σ1, σ2, σ3) are the Pauli matrices. It is interesting to
notice that |ψ|2 = 1 if |v|2 = 1. The motivation to study neutrinos propagating along the
electromagnetic wave results from Fig. 1.
The spinor v was found in Ref. [11] to obey the equation,
iv′ = −µ(σB)v. (3)
To proceed with the analysis of the solution of Eq. (3) we suppose that we have a circularly
polarized electromagnetic wave, i.e. Bx = B0 cos [ω(t− z)], By = B0 sin [ω(t− z)], and Bz =
0, where B0 is the amplitude of the wave and ω is its frequency. In this case, the solution of
Eq. (3) has the form,
v(φ) = exp(−iσ3ωφ/2)
{
cos [Ω(φ− φ0)] + i
Ω
[µB0σ1 + ωσ3/2] sin [Ω(φ− φ0)]
}
× exp(iσ3ωφ0/2)v0, (4)
where φ = t− z is the current phase, φ0 = t0− z0 is the initial phase, v0 = v(φ0) is the initial
spinor, and Ω =
√
(µB0)2 + ω2/4. One can see in Eq. (4) that v = v0 if φ = φ0. Moreover
|v|2 = |v0|2.
Now we should specify the initial condition. Let us suppose that vT0 = (0, 1). In this case,
using Eq. (2), one can check that P−ψ0 = ψ0, where ψ0 is the initial bispinor, corresponding to
v = v0, P± = (1±Σz)/2 are the helicity projection operators, Σ = γ5γ0γ and γ5 = iγ0γ1γ2γ3
are the Dirac matrices. It means that initially a neutrino is left-handed, i.e. its spin is
opposite to the particle momentum.
Neutrino spin oscillations correspond to the appearance of the nonzero component ψ+,
i.e. the right-handed polarization, at φ > φ0, where ψ+ = P+ψ. The probability of L → R
transitions is PL→R = ψ
†P+ψ. Using Eq. (2), one can show that PL→R =
(
1 + v†σ3v
)
/2,
i.e. the transition probability is completely defined by the evolution of the neutrino spin in
Eq. (3).
After lengthy but straightforward calculations based on Eq. (4), we can represent PL→R
in the form,
PL→R =
µ2B20
µ2B20 + ω
2/4
sin2
[√
µ2B20 + ω
2/4(φ− φ0)
]
. (5)
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One can see in Eq. (5) that the transition probability is a function of ∆φ = φ − φ0, i.e. it
depends on both t and z. Thus neutrino spin oscillations can happen both in time and in
space. It is owing to the fact that the spinor v in Eqs. (2) and (4) depends on φ. It is the
feature of the field theory based approach for the description of neutrino oscillations.
The coordinate dependence of PL→R in Eq. (5) becomes important if a neutrino interacts
with an electromagnetic wave for a quite long time. In such a situation, the particle initial
wave packet becomes broad enough. It can happen for relatively low energy neutrinos. In
practice, a neutrino is an ultrarelativistic particle. We can localize it and attribute a mean
velocity β = p/E of its wave packet. Thus z = βt and z0 = βt0.
In this way to modify the coordinate dependence of PL→R in Eq. (5), we rederive the
transition probability of neutrino spin oscillations in a circularly polarized electromagnetic
wave obtained in Ref. [7] on the basis of the quasiclassical approach. For this purpose one
should set ∆m2 = 0 and neglect the interaction with matter in the corresponding expressions
in Ref. [7] since, in this section, we study neutrino spin oscillations induced by the electromag-
netic wave only within one neutrino generation. In the following section, we shall generalize
this formalism to describe neutrino spin-flavor oscillations.
3 Spin-flavor oscillations: great transition magnetic moment
In this section, we shall extend the formalism developed in Sec. 2 to describe neutrino spin-
flavor oscillations. For this purpose we discuss the system of two flavor neutrinos and formu-
late the initial condition problem for these particles. Here we will focus on the case of the
great transition magnetic moment.
For simplicity, we shall consider the system of two flavor neutrinos (να, νβ). The gen-
eralization of the formalism for greater number of neutrino flavors is straightforward. For
instance, we can take that νβ = νe and να = νµ,τ . The Lagrangian for this system in the
presence of the external electromagnetic field reads
L =
∑
λ=α,β
ν¯λiγ
µ∂µνλ −
∑
λ,λ′=α,β
ν¯λ
(
mλλ′ +
1
2
Mλλ′σµνF
µν
)
νλ′ , (6)
where (mλλ′) and (Mλλ′) are the matrices of masses and magnetic moments in the flavor
eigenstates basis. As in Sec. 2, we shall suppose that only an electromagnetic wave, propa-
gating along the z-axis, is present in the system and neutrinos move in the direction of the
wave.
We shall define the initial conditions in the system described by the Lagrangian in Eq. (6).
For this purpose, we shall suppose that initially να(z, t = 0) = 0 and νβ(z, t = 0) = fνiL,
where f = f(z) is the given coordinate dependence of the initial wave function and νiL is
a constant bispinor. Let us suppose that ΣzνiL = −νiL. For example, we can take νTiL =
(1/
√
2)(0, 1, 0,−1). Such a choice of the initial wave functions corresponds to the presence of
left-handed electron neutrinos (if νβ ≡ νe) and the absence of neutrinos of other flavors.
If only two neutrino flavors are present in the system, we can introduce the neutrino mass
eigenstates ψa, a = 1, 2, to diagonalize the mass matrix in Eq. (6). The corresponding matrix
transformation reads
νλ =
∑
a=1,2
Uλaψa, (Uλa) =
(
cos θ − sin θ
sin θ cos θ
)
, (7)
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where θ is the vacuum mixing angle. Note that we can say whether neutrinos are Dirac or
Majorana only after the transition to the mass eigenstates basis in Eq. (7).
The Dirac equation for ψa has the form,
iψ˙a = Haψa + V ψb, a, b = 1, 2, a 6= b, (8)
where
Ha = (αp) + βma − µaβ [(ΣB)− i(αE)] , V = −µβ [(ΣB)− i(αE)] . (9)
Here µa ≡ (µ11, µ22) and µ ≡ µ12 are the diagonal and transition magnetic moments in the
mass eigenstates basis, (µab) = U
†MU , as well as α = γ0γ and β = γ0 are the Dirac matrices.
First, we shall discuss the situation when µa ≪ µ. If we neglect the antiparticle degrees
of freedom, the general solution of Eq. (8) has the form,
ψa(z, t) =
∫ +∞
−∞
dp
2π
∑
s=±
aase
−iEat+ipzuas,
uas =
1
2
√
Ea(Ea − p)
(
[ma + Ea − p] vs
[ma − Ea + p]σ3vs
)
, (10)
where Ea =
√
p2 +m2a are the energies of different mass eigenstates, v
T
+ = (1, 0) corresponds
to a right-handed neutrino and vT− = (0, 1) to a left-handed particle since σ3v± = ±v±.
Note that we omit the index a in the spinors vs since we neglect µa. We also mention the
orthogonality of the basis bispinors, u†a±ua∓ = 0.
The coefficients aas are supposed to be c-number functions rather than operators acting
on Fock states. If we assume that they depend on neither t nor z, the wave functions in
Eq. (10) would satisfy the equations iψ˙a = Haψa. To account for the potential V in Eq. (9),
which mixes different mass eigenstates in Eq. (8), we have to suppose that aas are no longer
constant. Such an approach for the description of the evolution of neutrino mass eigenstates
in the presence of external fields was used in Ref. [13]. However, unlike Ref. [13], where the
corresponding coefficients depend on time only, here we suppose that aas = aas(t − z). Our
main goal is to study the behavior of these coefficients.
Substituting the ansatz in Eq. (10) to Eq. (8), we obtain the equation for aas,
i
∑
s=±
a′asu
†
as′(1− αz)uas =
∑
s=±
u†as′V u2se
i(Ea−Eb)tabs, a 6= b. (11)
Accounting for the mean values
u†as′(1− αz)uas =
(
1− p
Ea
)
δss′ ,
u†1s′V u2s = −µv†s′(σB)vs
√
(E1 − p)(E2 − p)
E1E2
, (12)
v†±(σB)v∓ = B0 exp[∓iω(t− z)], (13)
we can rewrite Eq. (11) in the form,
ia′a± = −µB0
√
Ea(Eb − p)
Eb(Ea − p)
exp [i(Ea − Eb)t∓ iω(t− z)] ab∓. (14)
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In Eqs. (12) and (13), we suppose that one deals with a circularly polarized wave.
Before we proceed with the analysis of the evolution of aas we should specify the initial
conditions for them. As in Sec. 2, we shall suppose that neutrinos are localized along their
trajectories. However, since different mass eigenstates have different masses, we assume that
z = β¯t, where β¯ is the center of inertia velocity [15], β¯ = 2p/(E1 + E2). If neutrinos are
ultrarelativistic, one gets that β¯ ≈ 1 − (m21 + m22)/4p2. Therefore, if t = 0, aas should be
taken at zero argument: aas(0).
Accounting for the initial condition for the flavor eigenstates specified above, we obtain
that
a1−(0) = sin θf(p)
(
u†1−νiL
)
, f(p) =
∫ +∞
−∞
f(z)e−ipzdz
a2−(0) = cos θf(p)
(
u†2−νiL
)
, (15)
and aa+(0) = 0. Taking into account the explicit form of the initial bispinor νiL and ua−
in Eq. (10), we get that
(
u†a−νiL
)
= ma/
√
2Ea(Ea − p). If neutrinos are ultrarelativistic,(
u†a−νiL
)
→ 1.
Taking into account the dependence of aas on t in Eq. (14), aas = aas(t[1 − β¯]), we can
rewrite Eq. (14) as the effective Schro¨dinger equation,
i
d
dt
Ψ =HeffΨ, (16)
Heff =− µB0(1− β¯)


0 0 0 ξ exp (iΦ−t)
0 0 ξ exp (iΦ+t) 0
0 exp (−iΦ+t) /ξ 0 0
exp (−iΦ−t) /ξ 0 0 0

 ,
where ΨT = (a1+, a1−, a2+, a2−) and
Φ± = E1 − E2 ± ω(1− β¯) ≈ m
2
1 −m22
2p
± ωm
2
1 +m
2
2
4p2
, (17)
ξ =
√
E1(E2 − p)
E2(E1 − p) ≈
m2
m1
. (18)
In Eqs. (17) and (18), we use the approximation of ultrarelativistic neutrinos.
One can see that Heff in Eq. (16) is non-Hermitian since ξ 6= 1 because m1 6= m2. This
fact results from the assumption that both mass eigenstates with different masses propagate
with the same velocity β¯. Nevertheless we can approximately set ξ = 1. Indeed, let us assume
that ma ∼ 1 eV [16]. Below, we shall be interested in the νeνµ-oscillations channel. In this
situation, δm2 = m21 −m22 ≈ 7.6 × 10−5 eV2 [17]. Therefore |m1 −m2|/ma ∼ 10−2. Hence,
we can take that ξ = 1 with a sufficient level of accuracy. Note that we should keep δm2 6= 0
in Φ± in Eq. (17) since these terms contribute to the phase of neutrino oscillations, which is
very sensitive to the change of parameters.
Let us change the variables in Eq. (16),
Ψ = UΨ˜, U = diag
(
eiΦ−t/2, eiΦ+t/2, e−iΦ+t/2, e−iΦ−t/2
)
. (19)
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The wave function Ψ˜T = (a˜1+, a˜1−, a˜2+, a˜2−) obeys the modified Schro¨dinger equation,
i
d
dt
Ψ˜ =H˜effΨ˜,
H˜eff =


Φ−/2 0 0 −µB0(1− β¯)
0 Φ+/2 −µB0(1− β¯) 0
0 −µB0(1− β¯) −Φ+/2 0
−µB0(1− β¯) 0 0 −Φ−/2

 . (20)
We recall that we set ξ = 1 in the µB0-terms in Eq. (20).
The solution of Eq. (20) has the form,
Ψ˜(t) =
∑
ζ=±
[
e−iΩζt
(
Uζ ⊗ U †ζ
)
+ eiΩζt
(
Vζ ⊗ V †ζ
)]
Ψ˜0, (21)
where Ω± =
√
µ2B20(1− β¯)2 +Φ2±/4 and
U+ =
√
Ω+ +Φ+/2√
2Ω+


0
1
−µB0(1− β¯)
Ω+ +Φ+/2
0

 , V+ =
√
Ω+ +Φ+/2√
2Ω+


0
µB0(1− β¯)
Ω+ +Φ+/2
1
0

 ,
U− =
√
Ω− +Φ−/2√
2Ω−


1
0
0
−µB0(1− β¯)
Ω− +Φ−/2

 , V− =
√
Ω− +Φ−/2√
2Ω−


µB0(1− β¯)
Ω− +Φ−/2
0
0
1

 , (22)
are the eigenvectors of H˜eff : H˜effUζ = ΩζUζ and H˜effVζ = −ΩζVζ .
Using Eqs. (15), (21) and (22), we find that the coefficients aa+(t) have the form,
a1+(t) = ie
iΦ−t/2(1− β¯)µB0
Ω−
sin(Ω−t)f(p) cos θ,
a2+(t) = ie
−iΦ+t/2(1− β¯)µB0
Ω+
sin(Ω+t)f(p) sin θ. (23)
The explicit form of aa−(t) is not important for our purposes since these coefficients do not
contribute to the evolution of the right-handed neutrino states.
We are interested in the appearance of right-handed neutrinos of the flavor α in a beam
initially consisting of νβL. We shall suppose that the initial wave packet is quite wide, i.e.
we take that f(p) = 2πδ(p − p0), where p0 is the initial momentum. In the following, we
shall omit the subscript 0 for brevity. Using Eqs. (7), (10), and (23), we obtain that the wave
function ναR has the form,
ναR(z, t) =
∫ +∞
−∞
dp
2π
[
cos θe−iE1ta1+(t)u1+ − sin θe−iE2ta2+(t)u2+
]
=
[
cos θe−iE1ta1+(t)
(
ν†fRu1+
)
− sin θe−iE2ta2+(t)
(
ν†fRu2+
)]
νfR, (24)
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where νTfR = (1/
√
2)(1, 0, 1, 0). Basing on Eq. (10), one gets that
(
ν†fRua+
)
= ma[2Ea(Ea −
p)]−1/2. If we study ultrarelativistic neutrinos, then
(
ν†fRua+
)
→ 1.
Using Eqs. (23) and (24), as well as considering ultrarelativistic neutrinos, we obtain the
transition probability for νβL → ναR oscillations,
PνβL→ναR(t) = |ναR|2 = µ2B20(1− β¯)2
[
cos2 θ
sin(Ω−t)
Ω−
− sin2 θ sin(Ω+t)
Ω+
]2
. (25)
It is interesting to compare PνβL→ναR in Eq. (25) with the transition probability of spin-
flavor oscillations of Dirac neutrinos with large transition magnetic moment in a constant
transverse magnetic field studied in Ref. [18]. For this purpose we should set ω = 0 and
replace (1 − β¯) → 1 in Eq. (25). In this case, Ω+ = Ω− =
√
(µB0)2 + (δm2/4p)2. Thus we
reproduce the transition probability found in Ref. [18].
Now we can compare PνβL→ναR in Eq. (25) with the corresponding transition probability
for neutrino spin-flavor oscillations in a plane electromagnetic wave found in Ref. [7]. Using
Eq. (21) in Ref. [7] and omitting the neutrino matter interaction there, since here we study the
neutrino interaction with an electromagnetic wave only, one obtains the following transition
probability for νβL → ναR oscillations:
PνβL→ναR(t) =
µ2B20(1− β¯)2
µ2B20(1− β¯)2 + [δm2A(θ)/4p ± ω(1− β¯)/2]2
× sin2
(√
µ2B20(1− β¯)2 + [δm2A(θ)/4p ± ω(1− β¯)/2]2t
)
. (26)
If we consider νeL → νµR transitions (see below), the function A(θ) reads A(θ) = (1 +
cos 2θ)/2 [19]. The signs ± in Eq. (26) correspond to different polarizations of the wave.
One can see that the result of Ref. [7], shown in Eq. (26), cannot be reproduced by Eq. (25),
except in the trivial case θ = 0. However, the situation of a zero mixing angle between active
neutrinos was recently excluded experimentally in Ref. [3], where it was shown that the
remaining mixing angle θ13 is nonzero. Moreover, basing on Eq. (25), one cannot expect
the appearance of the resonant amplification of spin-flavor oscillations, which can result from
Eq. (26) and was claimed in Ref. [7].
The mentioned discrepancy is because of the unsubstantiated account of the neutrino
vacuum oscillations phase δm2A(θ)/4p in the dynamics of the neutrino spin in Ref. [7]. In
Sec. 2, using the method of the exact solution of the Dirac-Pauli equation, we have confirmed
that the results of Ref. [7] are applicable for the description of the neutrino spin evolution
within one mass eigenstate. Thus, in the present work, we have generalized the findings of
Ref. [7] to correctly treat neutrino spin-flavor oscillations.
To analyze Eq. (25) we suppose that δΩ ≪ Ω±, where δΩ = (Ω+ − Ω−) /2. In this
situation, the function PνβL→ναR becomes rapidly oscillating, being modulated by a slowly
varying envelope function. Therefore we can apply the method of the analysis of this envelope
function developed in Refs. [20, 21]. Let us represent PνβL→ναR in the form,
PνβL→ναR(t) = Aeff(t) sin
2(Ω0t), Aeff(t) = Amin + 2δA sin
2(δΩt), (27)
where
Amin =
[
µB0(1− β¯) cos 2θ
]2
Ω20
(
1 +
2δΩ
cos 2θΩ0
)
, δA =
[
µB0(1− β¯) sin 2θ
]2
2Ω20
, (28)
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Figure 2: The transition probability for the νeL → νµR oscillations channel for different ω
versus the propagation distance z = t, based on Eq. (27). The neutrino parameters are
p = 1keV, m1 ≈ m2 = 1eV, δm2 = 7.6 × 10−5 eV2, θ = 0.6 [17], and µ = 10−11µB [22],
where µB is the Bohr magneton. The amplitude of the electromagnetic wave B0 = 10
18G.
(a) ω = 1012 s−1; (b) ω = 1013 s−1. The envelope function Aeff(t) and the averaged transition
probability P¯ (t) are depicted by the red and blue lines respectively. We do not show the actual
behavior of the transition probability in panel (a) since it oscillates very rapidly. Instead we
represent it in the inset in panel (a) at the small propagation distance z < 500m.
are the minimal value and the amplitude of the envelope function Aeff(t). In Eqs. (27)
and (28), Ω0 =
√
µ2B20(1− β¯)2 + (δm2/4p)2.
The behavior of the transition probability for the νeL → νµR oscillations channel for
different ω is shown in Fig. 2. One can see that PνeL→νµR is a rapidly oscillating function.
Therefore the averaged signal P¯ (t) = Amin/2 + δA sin
2(δΩt) will be detected. The maximal
averaged transition probability reads
P¯max =
[
µB0(1− β¯)
]2
2Ω20
(
1 + 2 cos 2θ
δΩ
Ω0
)
. (29)
The envelope function Aeff (t) and the averaged transition probability P¯ (t) are also shown in
Fig. 2.
The maximal averaged transition probability, calculated using Eq. (29) with the parame-
ters corresponding to Figs. 2(a) and 2(b), is P¯max ≈ 0.35. This result is in the agreement with
Figs. 2(a) and 2(b). We can also estimate the modulation length L = π/δΩ. Using Eq. (27),
one gets that
δΩ =
ωδm2
32Ω0p3
(
m21 +m
2
2
)
. (30)
Basing on the parameters corresponding to Fig. 2(a) and Eq. (30), we obtain that L ≈ 7.2 km,
whereas L ≈ 720m for Fig. 2(b). These values of L are in the agreement with Fig. 2.
As an application of the obtained results, we shall consider the possibility of νeL → νµR
spin-flavor oscillations of astrophysical neutrinos in the vicinity of a neutron star (NS). A
magnetic field with the strength ∼ 1018G, chosen in Fig. 2, is slightly weaker than the
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strongest field allowed in NS [23]. The electromagnetic emission of pulsars ranges from radio
to X-ray wavelengths [24]. The frequencies adopted in Fig. 2 correspond to wavelengths
λ = 1.8mm in Fig. 2(a) and λ = 0.18mm in Fig. 2(b). These wavelengths lie in the infrared
region. The electromagnetic emission of NS with such wavelengths was described in Ref. [25].
Note that further enhancement of the frequency is inexpedient since δΩ becomes com-
parable with Ω± then. In principle, using our approach, we can also analyze spin-flavor
oscillations in electromagnetic waves with wavelengths in the range: (several mm) < λ <
(several tens of cm), emitted by radio pulsars. For a radio pulsar, L is greater than that
shown in Fig. 2.
An electromagnetic wave, which causes neutrino spin-flavor oscillations, can be considered
as plane only in the near field zone. In the far field zone, a wave should be taken as spherical,
with its amplitude decreasing as 1/z. The size of the near field zone was estimated in Ref. [26]
as l ∼ D2/λ ∼ D2ω, where D is the length scale of the region where a wave is emitted. In
case of a pulsar, we can take that D ∼ 104 cm [27]. Thus, we get that l ∼ 3× 104 km for the
case shown in Fig. 2(a), and l ∼ 3× 105 km for Fig. 2(b). The obtained values of l are much
greater than L in Fig. 2. Hence the approximation of a plane electromagnetic wave is valid.
We studied neutrino spin-flavor oscillations in constant in space magnetic fields in Refs. [13,
18]. Although neutrino oscillations in a constant field are not suppressed by the factor (1 −
β¯) ≪ 1, cf. Eq. (25), the analytical expressions for the transition probabilities, derived in
Refs. [13,18], cannot be applied for neutrinos propagating near NS at distances RNS < z . l,
where RNS ∼ 10 km is the typical NS radius. Indeed, one cannot neglect the coordinate
dependence of the magnetic field in NS at such distances, i.e. we have to take B(z) ∼
Bsurf(R/z)
3, where Bsurf is the magnetic field at the NS surface. Thus only a numerical
transition probability can be obtained by solving the effective Schro¨dinger equation with
B = B(z). On the contrary, the analytical expression in Eq. (25) is valid for the distances z
up to l.
The most powerful neutrino emission takes place during a supernova explosion. In several
minutes after an explosion, the neutrino flux becomes rather weak to be detected. Neverthe-
less, when the NS temperature is above 107K ∼ 1 keV, neutrinos carry away energy from NS
and are an effective tool for the NS cooling [28]. That is why we take the neutrino energy
∼ 1 keV in Fig. 2. Thus such neutrinos, produced in modified Urca processes in the NS core,
are subject to the described spin-flavor oscillations. Basing on P¯max in Fig. 2, one gets that
about 35% of νeL will be converted to νµR.
It should be noted that the chosen parameters B0 and p correspond to δA . 1 in Eq. (28).
It guarantees that the transition probability is not suppressed significantly. We mention that
the study of the electromagnetic emission of pulsars is a rapidly developing area of modern
astrophysics. Although the recent advances in the description of the pulsars radiation [29],
there is no self-consistent model of this process [30]. In realistic situation, the amplitude of
an electromagnetic wave is likely to be smaller that 1018G. In the case, when µB0(1− β¯)≪
δm2/4p, using Eq. (29), the maximal averaged transition probability is
P¯max ≈ 2
[
µB0(1− β¯) 2p
δm2
]2
< 0.35. (31)
Thus, the value P¯max = 0.35, obtained above, is the upper bound on the maximal transition
probability in NS since we supposed that B0 equals to the strongest magnetic field, which
can exist in such a system.
10
At the end of this section, we discuss the general issue on the approximations used in
the derivation of the main results. To obtain Eq. (15) we supposed that the neutrino mass
eigenstates are localized on their classical trajectories. However, to derive Eq. (24) one has
to assume that the neutrino wave packets are wide. The latter assumption is necessary for a
significant overlap of different mass eigenstates for the oscillations process to occur. Formally
we should require that ℓ ≫ δΩ−1, where ℓ is the width of the wave packet. However we can
suggest that point-like neutrinos with equal velocities are coherently emitted during the time
interval ∆t ≫ δΩ−1. In this case, one deals with an effectively wide neutrino wave packet
consisting of mass eigenstates propagating with a certain velocity. Thus we can reconcile both
assumptions necessary to get Eqs. (15) and (24).
4 Spin-flavor oscillations: influence of diagonal magnetic mo-
ments
In this section, we discuss the influence of the diagonal magnetic moments µa on the neutrino
spin-flavor oscillations in a plane electromagnetic wave. In our analysis, we shall still suppose
that µa is small: µa ≪ µ.
If one accounts for µa, the main formalism, developed in Sec. 3, remains practically un-
changed. First, Eq. (10) is modified, so that the two component spinor vs, entering to the
bispinor uas, becomes dependent on time and µa, i.e. vs → vas(t). The temporal dependence
of vas is given by Eq. (4). We can choose two independent spin states v0s in Eq. (4) as
vT0+ = (1, 0) and v
T
0− = (0, 1). In this situation, both va±(t) and ua±, corresponding to the
opposite spin states, are orthogonal.
Second, the matrix elements in Eq. (13) become quite cumbersome. The calculation of the
matrix elements is provided in Appendix A in the general form. Using Eq. (41) and making
the calculations similar to those in Sec. 3, we derive the analogue of Eq. (16),
i
d
dt
Ψ =HeffΨ,
Heff =− µB0(1− β¯)


0 0 ǫ+ exp (iΦ−t)
0 0 exp (iΦ+t) ǫ−
ǫ∗+ exp (−iΦ+t) 0 0
exp (−iΦ−t) ǫ∗− 0 0

 , (32)
where
ǫ± =
B0
ω
[
± (µ1 + µ2)∓ µ1e±iωt(1−β¯) ∓ µ2e∓iωt(1−β¯)
]
. (33)
In Eqs. (32) and (33), we set z = β¯t and assume that m1 ≈ m2 in the off-diagonal terms
∼ exp(±iΦ±t) in Heff .
Since we discuss the situation when m1 ≈ m2, it is reasonable to take that µ1 ≈ µ2 = µ′.
In this case, ǫ± = ±ǫ, where ǫ = 4µ′B0 sin2
[
ωt(1− β¯)/2] /ω. Then, we can derive the
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analogue of Eq. (20),
i
d
dt
Ψ˜ =H˜effΨ˜,
H˜eff =


Φ−/2 0 −µB0(1− β¯)ǫ −µB0(1− β¯)
0 Φ+/2 −µB0(1− β¯) µB0(1− β¯)ǫ
−µB0(1− β¯)ǫ −µB0(1− β¯) −Φ+/2 0
−µB0(1− β¯) µB0(1− β¯)ǫ 0 −Φ−/2

 . (34)
Should one have the solution of Eq. (34), the transition probability for νβL → ναR oscillations
reads
PνβL→ναR(t) = | cos θa˜1+(t)− sin θa˜2+(t)|2. (35)
One can show that Eq. (35) is equivalent to PνβL→ναR calculated using aa+(t), i.e. based on
the solution of Eq. (32), as ναR(z, t) in Eq. (24).
For the illustration of the influence of the diagonal magnetic moments on neutrino spin-
flavor oscillations in a plane electromagnetic wave, we consider νeL → νµR with the same
parameters as in Sec. 3. In Figs. 3 and 4, we show PνeL→νµR based on the numerical solution
of Eq. (34) for different µ′ (or ǫ0 = µ
′B0/ω) and ω. The upper and lower envelope functions,
as well as the averaged transition probability, are also depicted in Figs. 3 and 4. To build these
envelope functions we use the spline interpolation of the maxima and minima of PνeL→νµR
respectively.
Note that, as in Fig. 2(a), we do not represent the evolution of PνeL→νµR(z) in Fig. 3 since
this function is rapidly oscillating and, hence, is indistinguishable. Instead, we just show the
envelope functions and the averaged transition probability in Fig. 3.
One can see that PνeL→νµR and the envelope functions in Figs. 3(a) and 4(a), corresponding
to µ′ = 0, coincide with the curves shown in Figs. 2(a) and 2(b), which were built on the
basis of the exact solution of Eq. (20); cf. Eqs. (21), (22) and (25). It is also interesting to
note that PνeL→νµR and the envelope functions for spin-flavor oscillations of neutrinos with
µ′ ∼ 10−2µ ≪ µ, shown in Figs. 3(d) and 4(d), significantly differs from the case µ′ = 0
shown in Figs. 3(a) and 4(a).
Basing on Figs. 3(b)-3(d) and 4(b)-4(d), one can conclude that the averaged transition
probability diminishes if one accounts for µ′ > 0 in the system. Thus the situation when
µa = 0, studied in Sec. 3, is more preferable from the point of view of phenomenological
applications.
Besides νeL → νµR oscillations, we can study other channels of neutrino oscillations on
the basis of the numerical solution of Eq. (34). For example, in Fig. 5, we demonstrate the
transition probability, the upper and lower envelope functions, and the averaged transition
probability for νeL → νµL oscillations. These dependencies for νeL → νeR oscillations are
shown in Fig. 6. The survival probability for oscillations νeL → νeL, the upper and lower
envelope functions, and the averaged survival probability are given in Fig. 7.
One can see in Figs. 4-6 that PνeL→νµR = PνeL→νµL = PνeL→νeR = 0 at z = 0, whereas
PνeL→νeL(z = 0) = 1 in Fig. 7, i.e. the initial condition is fulfilled. Figs. 4-7 are built for
ω = 1013 s−1. The analogues of these dependencies for ω = 1012 s−1 are not presented here
since the transition and survival probabilities are rapidly oscillating functions and, hence, are
quite difficult for the analysis.
We also mention that, in this section, we study only the situation when ω ≥ 1012 s−1.
The numerical solution of Eq. (34) for ω < 1012 s−1 (i.e. the situation corresponding to
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Figure 3: The upper (red lines) and lower (green lines) envelope functions, as well as the aver-
aged transition probability (blue lines), corresponding to Eq. (35), for νeL → νµR oscillations
in the electromagnetic wave versus the distance z passed by the neutrino beam for different
diagonal magnetic moment µ′, based on the numerical solution of Eq. (34). The parameters
of the neutrino system and B0 are the same as in Fig. 2. The frequency of the electromagnetic
wave is ω = 1012 s−1. (a) µ′ = 0 (ǫ0 = 0); (b) µ
′ = 2.8 × 10−3µ = 2.8 × 10−14µB (ǫ0 = 0.1);
(c) µ′ = 5.5 × 10−3µ = 5.5 × 10−14µB (ǫ0 = 0.2); (d) µ′ = 8.3 × 10−3µ = 8.3 × 10−14µB
(ǫ0 = 0.3).
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Figure 4: The transition probability (black lines) for νeL → νµR oscillations, as well as the
upper (red lines) and lower (green lines) envelope functions, and the averaged transition prob-
ability (blue lines) for this oscillations channel, based on the numerical solution of Eq. (34).
The parameters of the neutrino system and the electromagnetic wave are the same as in
Fig. 3, except for the frequency, which is now equal to ω = 1013 s−1.
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Figure 5: The transition probability (black lines) for νeL → νµL oscillations, as well as the
upper (red lines) and lower (green lines) envelope functions, and the averaged transition prob-
ability (blue lines) for this oscillations channel, based on the numerical solution of Eq. (34).
The parameters of the neutrino system and the electromagnetic wave are the same as in
Fig. 4.
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Figure 6: The transition probability (black lines) for νeL → νeR oscillations, as well as the
upper (red lines) and lower (green lines) envelope functions, and the averaged transition prob-
ability (blue lines) for this oscillations channel, based on the numerical solution of Eq. (34).
The parameters of the neutrino system and the electromagnetic wave are the same as in
Fig. 4.
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Figure 7: The survival probability (black lines) for νeL → νeL oscillations, as well as the upper
(red lines) and lower (green lines) envelope functions, and the averaged survival probability
(blue lines) for this oscillations channel, based on the numerical solution of Eq. (34). The
parameters of the neutrino system and the electromagnetic wave are the same as in Fig. 4.
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electromagnetic waves emitted by a radio pulsar; cf. Sec. 3) is quite problematic since Eq. (34)
becomes extremely stiff then.
5 Spin-flavor oscillations: great diagonal magnetic moments
In this section, we study spin-flavor oscillations of neutrinos with great diagonal magnetic
moments in a plane electromagnetic wave.
In some extensions of the standard model, e.g., in a minimally extended standard model,
diagonal magnetic moments of neutrino are proportional to neutrino masses [31]. The transi-
tion magnetic moment is much smaller than diagonal ones because of the Glashaw-Iliopoulos-
Maiani (GIM) mechanism [6, pp. 461–479]. Considering the situation of great diagonal mag-
netic moments, we can derive analytically the transition probability of neutrino spin-flavor
oscillations in an electromagnetic wave for such neutrinos.
As in Sec. 3, we study the evolution of neutrino mass eigenstates. The Dirac equation
for ψa coincides with that in Eqs. (8) and (9). However we should take that V = 0 since we
study the situation when µa ≫ µ.
Since the transition magnetic moment is not taken into account, one has the following
qualitative evolution of the neutrino spin and mass eigenstates. There will be independent
spin precession within each mass eigenstate owing to the interaction of the neutrino magnetic
moment µa with the electromagnetic field of the wave. The transition between different mass
eigenstates is solely due to the presence of the nonzero vacuum mixing in Eq. (7).
Therefore, to find the transition probability for νβL → ναR oscillations, we can use Eqs. (2)-
(4), as well as the results of Ref. [18], where spin-flavor oscillations of neutrinos with arbitrary
magnetic moments were studied in the constant magnetic field. We assume that neutrinos
are ultrarelativistic particles and adopt the quasiclassical approximation from the very begin-
ning. Omitting some intermediate calculations, we just give the final result for the transition
probability,
PνβL→ναR(t) = sin
2(2θ)
[
1
4
(A1 −A2)2 +A1A2 sin2(Φvact)
]
, (36)
where
A1,2(t) =
µ1,2B0√
µ21,2B
2
0 + ω
2/4
sin
[√
µ21,2B
2
0 + ω
2/4(1− β1,2)t
]
, (37)
are the amplitudes of probabilities of spin oscillations within each mass eigenstate and Φvac =
δm2/4p is the phase of flavor oscillations in vacuum.
If we set ω = 0 and replace (1 − β1,2) → 1 in Eq. (37), we get that A1,2 = sin(µ1,2B0t).
Thus Eq. (36) reproduces the transition probability for νβL → ναR oscillations in a constant
transverse magnetic field derived in Ref. [18] for the case µa ≫ µ.
Although the transition probability, obtained in Eqs. (36) and (37) is analytical, the
situation when µa ≫ µ has very limited applicability from the point of view of phenomenology.
The fact is that µa ∼ 10−19µB in the minimally extended standard model for reasonable values
of neutrino masses [16]. Thus PνβL→ναR ≪ 1 for any t. That is why we do not provide the
correction to PνβL→ναR ≪ 1 owing to µ 6= 0 since such a quantity is really negligible.
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6 Conclusion
In conclusion, we mention that, in the present work, we have studied spin and spin-flavor
oscillations of Dirac neutrinos in a plane electromagnetic wave with the circular polarization.
Our analysis was based on solving the initial condition problem for the system of flavor neu-
trinos interacting with external fields. This method was reviewed in Ref. [13]. The neutrino
interaction with the electromagnetic wave is owing to the presence of the nonzero neutrino
magnetic moments. This interaction was accounted for by using the exact solution of the
Dirac-Pauli equation for massive fermions found in Ref. [11].
In Sec. 2, we have considered neutrino spin oscillations in a plane electromagnetic wave
within one neutrino mass eigenstate. We have obtained the exact expression for the transition
probability for νL → νR oscillations in Eq. (5). This transition probability turns out to
depend on both time and the spatial coordinate. However, for an ultrarelativistic neutrino,
which is localized along its trajectory, the spatial coordinate dependence is transformed to
the dependence on time only. In this case, we have reproduced the transition probability
obtained in Ref. [7], where the quasiclassical approach for the description of the neutrino spin
evolution in electromagnetic fields was developed.
Then, in Secs. 3-5, we have generalized the approach in Sec. 2 to treat neutrino spin-flavor
oscillations. In Sec. 3, we have started with the analysis of the situation when only a great
transition magnetic moment is present in the mass eigenstates basis. In this situation, one
can find the analytic expression for the transition probability; cf. Eq. (25). Comparing the
transition probabilities in Fig. 2 with the results of Ref. [20], one can see that spin-flavor
oscillations of Dirac neutrinos in an electromagnetic wave are analogous to oscillations in a
twisting magnetic field.
The expression for the transition probability in Eq. (25) turns out to differ from the
analogous result obtained in Ref. [7]; cf. Eq. (26). This discrepancy is due to the incor-
rect treatment of transitions between different neutrino flavor eigenstates in Ref. [7]. As we
have mentioned above, the neutrino spin evolution within one neutrino mass eigenstate was
accounted for correctly in Ref. [7]. Thus, in the present work, we have provided the valid
generalization of the results of Ref. [7] for the description of neutrino spin-flavor oscillations
in an electromagnetic wave.
Then, in Sec. 3, we have discussed a possibility of an astrophysical application of the
obtained results. We have studied νeL → νµR oscillations in an electromagnetic wave emitted
by a highly magnetized NS. We found that the upper bound on the averaged transition
probability can reach 35%; cf. Fig. 2. If the amplitude of an electromagnetic wave is less than
1018G, which is likely to be the case in realistic astrophysical media, the maximal transition
probability can be found in Eq. (31).
In Sec. 4, we have briefly discussed the influence of the diagonal magnetic moments on
spin-flavor oscillations in an electromagnetic wave. We have assumed that diagonal magnetic
moments, µ′ ∼ 10−14µB, are much smaller than the transition one, µ ∼ 10−11µB. This value
of µ′ is in agreement with the upper bound on diagonal magnetic moments of Dirac neutrinos
revealed in Ref. [32]. One can see in Figs. 3 and 4 that, if diagonal magnetic moments are
taken into account, the averaged transition probability is less than in the case when only a
transition magnetic moment is accounted for. Besides νeL → νµR oscillations channel, we
have studied other types of neutrino oscillations like νeL → νµL, νeL → νeR, and νeL → νeL in
Sec. 4; cf. Figs. 5-7.
Finally, in Sec. 5, we have provided the analytical transition probability for neutrino
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spin-flavor oscillations in an electromagnetic wave in case when diagonal magnetic moments
dominate over transition one; cf. Eqs. (36) and (37). This situation can take place, e.g., in the
minimally extended standard model, where the transition magnetic moment is suppressed by
the GIM mechanism [6, pp. 461–479]. However, this our result is of limited phenomenological
applicability since the diagonal magnetic moments are extremely small in this model.
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A Matrix elements of spin interaction
In this appendix, we compute the matrix elements of the neutrino spin interaction with a plane
circularly polarized electromagnetic wave between two component spinors corresponding to
different mass eigenstates.
First, we replace µ → µa in Eq. (4). Then, we define vas(t) corresponding to v0s, where
vT0+ = (1, 0) and v
T
0− = (0, 1). Basing on the unitarity of the evolution of the spinors in
Eq. (4), one gets that v†as(t)vas′(t) = v
†
0sv0s′ = δss′ , i.e. the spinors vas(t) are orthogonal.
After a lengthy but straightforward calculation we obtain the matrix elements v†as(t)(σB)
× vbs′(t), a 6= b, which enter to Eq. (11), in the following form:
v†1±(σB)v2± =
B0√
µ21B
2
0 + ω
2/4
√
µ22B
2
0 + ω
2/4
(38)
×
{
± (µ1 + µ2)B0ω
2
sin
[√
µ21B
2
0 + ω
2/4φ
]
sin
[√
µ22B
2
0 + ω
2/4φ
]
+ iµ2B0
√
µ21B
2
0 + ω
2/4 cos
[√
µ21B
2
0 + ω
2/4φ
]
sin
[√
µ22B
2
0 + ω
2/4φ
]
− iµ1B0
√
µ22B
2 + ω2/4 sin
[√
µ21B
2
0 + ω
2/4φ
]
cos
[√
µ22B
2
0 + ω
2/4φ
]}
,
v†1−(σB)v2+ =
B0√
µ21B
2
0 + ω
2/4
√
µ22B
2
0 + ω
2/4
(39)
×
{(
µ1µ2B
2
0 −
ω2
4
)
sin
[√
µ21B
2
0 + ω
2/4φ
]
sin
[√
µ22B
2
0 + ω
2/4φ
]
+
√
µ21B
2
0 + ω
2/4
√
µ22B
2
0 + ω
2/4
× cos
[√
µ21B
2
0 + ω
2/4φ
]
cos
[√
µ22B
2
0 + ω
2/4φ
]
+ i
ω
2
√
µ21B
2
0 + ω
2/4 cos
[√
µ21B
2
0 + ω
2/4φ
]
sin
[√
µ22B
2
0 + ω
2/4φ
]
+ i
ω
2
√
µ22B
2
0 + ω
2/4 sin
[√
µ21B
2
0 + ω
2/4φ
]
sin
[√
µ22B
2
0 + ω
2/4φ
]}
,
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v†1+(σB)v2− =
B0√
µ21B
2
0 + ω
2/4
√
µ22B
2
0 + ω
2/4
(40)
×
{(
µ1µ2B
2
0 −
ω2
4
)
sin
[√
µ21B
2
0 + ω
2/4φ
]
sin
[√
µ22B
2
0 + ω
2/4φ
]
+
√
µ21B
2
0 + ω
2/4
√
µ22B
2
0 + ω
2/4
× cos
[√
µ21B
2
0 + ω
2/4φ
]
cos
[√
µ22B
2
0 + ω
2/4φ
]
− iω
2
√
µ21B
2
0 + ω
2/4 cos
[√
µ21B
2
0 + ω
2/4φ
]
sin
[√
µ22B
2
0 + ω
2/4φ
]
− iω
2
√
µ22B
2
0 + ω
2/4 sin
[√
µ21B
2
0 + ω
2/4φ
]
sin
[√
µ22B
2
0 + ω
2/4φ
]}
,
where φ = t− z.
In Sec. 4, we are interested in the situation of small diagonal magnetic moments: µa ≪ µ.
Expanding Eqs. (38)-(40) in µaB0 we get that only v
†
1±(σB)v2± contains the contribution
linear in µa,
v†1±(σB)v2± =
B20
ω
[
± (µ1 + µ2)∓ µ1e±iωφ ∓ µ2e∓iωφ
]
. (41)
The expressions for v†1±(σB)v2∓ in Eqs. (39) and (40) are ∼ µ2a. Hence we should use the
zero order approximation in Eq. (13) for them.
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